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Fundamental Bounds on the Precision of Classical Phase Microscopes
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A wide variety of imaging systems have been designed to measure phase variations, with applications
from physics to biology and medicine. In this work, we theoretically compare the precision of phase
estimations achievable with classical phase microscopy techniques, operated at the shot-noise limit. We
show how the Cramér-Rao bound is calculated for any linear optical system, including phase-contrast
microscopy, phase-shifting holography, spatial light interference microscopy, and local optimization of
wavefronts for phase imaging. Through these examples, we demonstrate how this general framework can
be applied for the design and optimization of classical phase microscopes. Our results show that wavefront
shaping is required to design phase microscopes with optimal phase precision.
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I. INTRODUCTION

Phase microscopy enables precise measurements of
optical path length differences [1–4]. All phase images are
constructed from a finite number of detected photons. This
number can be limited by technological constraints, such
as the source power or the dynamic range of the detector.
The maximum photon flux can also be dictated by speci-
men damage, e.g., in dispersive imaging of ultracold atoms
where inelastic scattering and elastic recoil lead to atom
loss and heating [5,6], respectively. Another example is the
imaging of biological structures with ultraviolet radiation
[7,8], where inelastic channels lead to sample damage. In
such applications, it is therefore crucial to maximize the
information retrieved per photon.

Nowadays, many different variations of phase micro-
scopes exist [3], all of which convert optical path
length differences into detectable intensity variations. The
Cramér-Rao bound (CRB) allows quantifying the preci-
sion that can be achieved with any given phase microscopy
technique, as it imposes a lower limit to the precision that
can be achieved in the estimation of parameters from noisy
data [9,10]. Such quantitative analysis of the achievable
estimation precision is of great importance in many fields,
be it in fluorescence microscopy regarding particle local-
ization precision [11–13], in interferometric scattering
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microscopy regarding the possibility to detect and charac-
terize single proteins without labeling them [14,15], or in
electron microscopy regarding particle structure determi-
nation [16]. In the context of phase microscopy, several
recent studies have focused on the question of how to
increase the precision of phase estimations using quantum
correlations of the probe light in phase microscopy [17,18].
However, quantum enhanced schemes are difficult to real-
ize experimentally, and common phase microscopes do not
even reach the optimum CRB achievable with uncorrelated
light.

Here, we expose the experimental conditions necessary
to reach the optimal precision on phase estimations based
on shot-noise-limited measurements. Via a Cramér-Rao
analysis, we demonstrate that common phase microscopy
techniques fall short of this limit because they are not
ideal for the specimens under study. Additionally, we show
that wavefront-shaping techniques, which recently found
several applications in phase microscopy [19–23], can be
used to recover the optimal estimation precision for any
given phase sample. The manuscript is organized as fol-
lows. In Sec. II, we derive fundamental bounds based on
the Cramér-Rao inequality for the precision of any classi-
cal linear phase microscope. In Sec. III, we discuss how
to reach this bound in the case of an external reference,
which requires wavefront shaping for strong phase objects.
In Sec. IV, we show how this framework also applies to
imaging systems with an internal reference.
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II. THEORETICAL FRAMEWORK

A. General model for phase microscopes

We consider a general model in which coherent light
propagates through a phase sample, so that local phase
shifts induced by the object are imprinted in the transmitted
wavefront. By partitioning our region of interest in p small
surfaces of area Sa, the average number of photons pass-
ing through the j th area within a time �t is then given by
nj = �t|Eobj

j |2, where Eobj
j = Aj eiφj denotes the complex

field associated with this area. Note that this definition of
the field differs from the classical definition of the complex
electric field (in SI units) by a factor

√
(nobjε0cSa)/(2�ω),

where nobj is the object refractive index, ε0 is the vac-
uum permittivity, c is the speed of light in vacuum, ω is
the photon angular frequency, and � is the reduced Planck
constant.

To estimate the phase values φ = (φ1, . . . , φp), we use
a linear optical system characterized by an operator H ∈
Cd×p whose elements are noted hkj = |hkj |eiβkj . With these
notations, the average intensity image on the camera is

I det = |HEobj + Eref|2, (1)

where we introduced an optional external reference field
Eref ∈ Cd.

Let us consider that the data measured by the camera
are described by a d-dimensional random variable X char-
acterized by a joint density probability function p(X ; φ).
The variance of any unbiased estimator φ̂(X ) of φ must
satisfy the Cramér-Rao inequality [9], which is expressed
by

Var(φ̂j ) ≥ [J −1(φ)]jj , (2)

where Var is the variance operator and J (φ) the Fisher
information matrix defined by

[J (φ)]ij = E
[(

∂ ln p(X ; φ)

∂φi

)(
∂ ln p(X ; φ)

∂φj

)]
, (3)

with E the expectation operator acting over noise fluc-
tuations. Maximum-likelihood estimators are known to
saturate this inequality in the asymptotic limit [9]. Con-
sequently, measuring a large number of photons is a
sufficient condition for this inequality to be saturable.

Since the Fisher information matrix is positive semidef-
inite, we can also write the inequality

[J −1(φ)]jj ≥ [J (φ)]−1
jj . (4)

This inequality, which results from properties of the Schur
complement, highlights the central role played by the diag-
onal elements of the Fisher information matrix upon the
precision of estimations. It is in fact saturated when the

Fisher information matrix is diagonal, which corresponds
to the case in which the estimation of φj is not influenced
by an imperfect knowledge of all other parameters. Alter-
natively, this also corresponds to the case in which one
seeks to estimate a given parameter φj assuming that the
values of all other parameters are known.

B. Fisher information in the shot-noise limit

We now assume that shot noise, i.e., the detection statis-
tics due to the quantized nature of light, is the main
source of noise, and that we can neglect mechanical vibra-
tions, readout noise, dark currents, and other sources of
noise. Considering an integration time �t and assuming
that the values measured by all camera pixels are statisti-
cally independent, the probability density function p(X ; θ)

simplifies to

p(X ; θ) =
d∏

k=1

e−�tIdet
k (�tI det

k )Xk

Xk!
. (5)

Substituting Eq. (5) into Eq. (3) yields

[J (φ)]ij = �t
d∑

k=1

1
I det
k

(
∂I det

k

∂φi

)(
∂I det

k

∂φj

)
. (6)

Using the equality I det = |Edet|2 to express the derivative
of the intensity I det

k with respect to φj , we obtain

∂I det
k

∂φj
= −2 Im[(Edet

k )∗hkj Eobj
j ]. (7)

Writing Edet
k = |Edet

k |eiαk , the diagonal elements of the
Fisher information matrix are expressed by

[J (φ)]jj = 4nj

d∑

k=1

|hkj |2 sin2(φj + βkj − αk). (8)

Equation (8) is maximized if two conditions are sat-
isfied. First, we have sin2(φj + βkj − αk) ≤ 1, with the
equality holding if the following phase-matching condition
is fulfilled:

φj + βkj − αk = π/2 + mπ (9)

with m being any integer. The condition must hold for all
k, j for which nj |hkj |2 �= 0. Second, we can remark that
energy conservation imposes a condition on H . Indeed, the
total intensity of the object field is ‖Eobj‖2, and becomes
after propagation through the optical system ‖HEobj‖2 =
Eobj†H †HEobj. In general, since the passive linear opti-
cal system can only decrease the transmitted energy, the
inequality ‖HEobj‖2 ≤ ‖Eobj‖2 is always satisfied. Energy
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conservation thus imposes that
∑

k |hkj |2 ≤ 1, with the
equality holding if energy is conserved and H is a unitary
matrix. Hence, we obtain the inequality

[J (φ)]jj ≤ 4nj , (10)

which is saturated if H is unitary and if the phase-matching
condition expressed by Eq. (9) is satisfied.

To summarize the results from this section, we can use
Eqs. (2), (4), and (10) to write the following chain of
inequalities:

Var(φ̂j ) ≥ [J −1(φ)]jj ≥ [J (φ)]−1
jj ≥ 1

4nj
. (11)

In order to design a phase microscope that reaches
this fundamental bound, one needs to saturate all the
inequalities in Eq. (11), leading to several conditions. The
first inequality is saturated asymptotically with maximum-
likelihood estimators [9], which implies that this inequality
can be saturated when �tI det

k � 1 over the whole field
of view (FOV). To saturate the second inequality, the
Fisher information matrix needs to be diagonal, such that
no correlation exists in the estimated values of different
parameters. For the last inequality to be saturated, two
additional conditions must be satisfied. First, the optical
system has to be lossless and thus represented by a unitary
matrix H . Second, for each camera pixel k that satisfies
|hkj |2 �= 0, the following phase-matching condition needs
to be fulfilled:

φj + βkj − αk = π/2 + mπ (12)

with αk = arg(Edet
k ) the phase of the field in the camera

plane.
Using the same assumptions, an analogue of Eq. (11)

can also be derived for the estimation of other parame-
ters. A common application is the estimation of the number
of photons absorbed by the object. Absorptive samples
can indeed modulate the amplitude of the incident field,
and one may want to estimate the set of parameters n =
(n1, . . . , np)

T instead of φ. In such cases, we obtain the
following chain of inequalities [24]:

Var(n̂j ) ≥ [J −1(n)]jj ≥ [J (n)]−1
jj ≥ nj . (13)

The conditions required to saturate these inequalities are
essentially the same as those introduced for phase esti-
mations, except that the phase-matching condition now
reads

φj + βkj − αk = mπ . (14)

There is an apparent trade-off between phase and absorp-
tion estimations: no absorption information is available
when phase information is optimally captured by the mea-
surements, and vice versa.

III. PHASE MICROSCOPES WITH AN EXTERNAL
REFERENCE

We first study the consequences of this phase-matching
condition for phase microscopes with an external refer-
ence. In a simple configuration, the incident wave passes
through the sample and is imaged onto the camera using
an ideal 4f system represented by an identity H matrix
[Fig. 1(a)]. In the detector plane, the field interferes with a
high-intensity external reference beam, whose phase pro-
file can be shaped using a noiseless spatial light modulator
(SLM). For the simulations we chose (|Eref

k |2/|Eobj
k |2 =

100 in the center of the FOV). The two beams are coupled
using a beam splitter with a transmission close to 1 to pre-
serve the unitarity of H . For such a phase microscope the
phase-matching condition expressed by Eq. (12) reduces
to φk − αk = π/2 + mπ , where αk 	 arg(Eref

k ). Thus, if
the reference field is a plane wave with a phase that is
shifted by π/2 with respect to the average phase of the
object wave (assumed to be 0 for simplicity), the phase-
matching condition is fulfilled for a weakly contrasted
object (φj 
 π/2), yielding an optimal precision for phase
estimations. However, this strategy cannot be applied to
strongly contrasted objects, as typically encountered in cell
biology.

In order to test the precision that can be achieved in such
cases, we generate a 128 × 128 complex-valued object
with a phase distribution produced from the “cameraman”

(a)

(b) (c)

FIG. 1. (a) Schematics of a phase microscope operating with
external reference wave. The sample S is imaged onto the image
plane I using a 4f setup. The object wave (green) is interfered
with an external reference (red), which is introduced using a
beam splitter (BS). The reference wave can be shaped using a
spatial light modulator (SLM). (b) Phase of the object wave after
interacting with an artificial nonabsorbing sample ranging from
−π to π . (c) Intensity of the object wave, showing the Gaussian
envelope of the incoming beam.
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(a) (b)

(c) (d)

FIG. 2. (a) Simulated intensity in the camera plane for on-
axis interferometric imaging with a reference beam that is phase
shifted by π/2, and (b) resulting CRB. (c) CRB for phase-shifting
interferometric imaging using four images that are taken with a
reference beam that is phase shifted by 0, π/2, π , and 3π/2. (d)
CRB for the optimized scheme: the external reference is shaped
according to the sample, such that optimal phase estimation
precision is achieved across the FOV.

test image [Fig. 1(b)] and with a Gaussian intensity pro-
file [Fig. 1(c)]. For the calculations, we set the number of
photons per frame and unit area nj to 1 in the center of the
Gaussian profile, so that one can easily deduce the CRB for
other values of nj as the CRB scales with 1/nj . In Fig. 2(a)
we show the simulated intensity distribution in the cam-
era plane. By evaluating partial derivatives of the intensity
with respect to each parameter using a finite-difference
scheme, the Fisher information matrix can then be calcu-
lated according to Eq. (6), as shown in code 1 [25]. The
resulting CRB (in rad2) is shown in Fig. 2(b). In certain
regions of the sample in which the phase-matching condi-
tion is fulfilled, the optimal precision is reached, resulting
in a CRB equal to 1/(4nj ) = 0.25 rad2. However, the CRB
strongly increases in other regions, in which the phase-
matching condition is not fulfilled. We observe that this
lower bound on the variance can become much larger than
π2, which means that meaningful estimations of the phase
cannot be achieved with nj ≤ 1. This has important practi-
cal implications: even if nj 	 104 (as can be achieved with
typical complementary metal-oxide-semiconductor detec-
tors), the CRB could be as high as 0.1 rad2, preventing the
high-speed detection of small phase shifts as induced by,
e.g., neuronal activity [26] or viral infection [27].

This problem can be addressed with phase-shifting inter-
ferometric schemes, in which the object field is succes-
sively interfered with N ≥ 3 reference fields that are phase
shifted by 2uπ/N , where u = 0, . . . , N − 1. As the Fisher
information is additive for independent measurements, this

procedure yields an averaging effect, resulting in a CRB
equal to 1/(2nj ), with an increase by a factor of 2 as com-
pared to the optimal limit [24]. Consequently, the resulting
spatial distribution of the CRB is now dictated by the
Gaussian distribution of the number of incoming pho-
tons, as shown in Fig. 2(c). Note that the same averaging
effect can also be achieved with off-axis interferometric
imaging [28]. In such a scheme, however, independent
measurements for different values of αk are obtained by
oversampling the field in the camera plane instead of by
taking several images.

In order to realize optimal phase estimations, the phase-
matching condition expressed by Eq. (12) has to be ful-
filled throughout the entire FOV. This can be achieved
with a SLM by spatially modulating either the reference
wave (to modulate αk) or the object wave (to modulate φk),
yielding the optimal CRB of 1/(4nj ) for phase estimations
[Fig. 2(d)]. This strategy requires prior knowledge about
the object and, at first glance, it may seem of little use
to perform an optimal measurement on a known object.
In practice, however, coarse knowledge is sufficient to
initialize a measurement close to the CRB [24]. The addi-
tional number of photons required for coarse initialization
is small, and can be neglected in the analysis (especially for
continuous measurements, for which initialization is only
needed in the beginning of the acquisition). For instance,
such an approach is routinely implemented in the con-
text of single-mode interferometry such as in the LIGO
experiment in which, apart from shot noise, various other
noise sources are taken into account to find the optimal
operational point [29]. Starting from an unknown object,
an iterative strategy can be devised, thus progressively
approaching the optimal precision limit [30].

IV. PHASE MICROSCOPES WITH AN INTERNAL
REFERENCE

Techniques based on an external reference are exper-
imentally often limited by vibrations, which lead to an
unstable phase difference between reference and object
waves. This constraint led to the widespread application
of phase microscopy using an internal reference wave in a
stable common-path geometry. Already in the 30s, Zernike
realized that a wavefront transmitted by a weakly con-
trasted object can be understood as the superposition of
an unscattered plane wave and a scattered wave, which
led him to invent phase-contrast microscopy (PCM) [1]. In
ordinary PCM, a typically ring- or disc-shaped phase mask
is placed in the Fourier plane of the 4f imaging system
to shift the phase between the scattered and unscattered
wave by ±π/2 [Fig. 3(a)]. However, while this strategy
yields the optimal precision for phase estimations in the
case of weakly contrasted objects, this is not the case for
strongly contrasted objects. We numerically model PCM
by applying a fast Fourier transform algorithm to the phase
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object represented in Fig. 1(b) and Fig. 1(c) and by shifting
the phase of the central pixel by γ = π/2. The resulting
intensity distribution in the camera plane [Fig. 4(a)] and
the associated suboptimal CRB [Fig. 4(b)] remarkably dif-
fer from the results shown in Figs. 2(a) and 2(b), where
we consider an external reference wave shifted by π/2.
Indeed, highly scattering regions deplete the internal ref-
erence (i.e., the light passing through the phase mask),
making phase measurements highly inefficient. Another
important consideration is that, with an internal reference,
measurements are insensitive to the global phase of the
object wave. Thus, the Fisher information matrix is sin-
gular unless this parameter is excluded from its definition.
Such consideration is especially important when consid-
ering a situation in which spatial frequencies beyond the
numerical aperture of the optical system are lost, and in
which only absorption information can be accessed for low
spatial frequencies that fall within the phase disc [24].

It is instructive to compare these results with imaging
schemes that rely on phase stepping. One example is spa-
tial light interference microscopy (SLIM) [20], a scheme
that is similar to standard PCM but which includes the
option to control the phase shift γ . Several measurements
are performed by successively changing the value of γ to
0, π/2, π , and 3π/2, as implemented in Ref. [20]. While
we show that the CRB depends only on the number of inci-
dent photons for a phase-shifting interferometric scheme
with an external reference [see Fig. 2(c)], this is not the
case for an internal reference wave. This can be seen in
Fig. 4(c), which shows strong variations in the CRB across

(a)

(b)

FIG. 3. (a) Schematics of phase contrast microscopy (PCM).
The sample S is imaged onto the image plane I using a modified
4f setup, in which the unscattered light (green) is phase shifted
by an angle γ with respect to the scattered light (red). For ordi-
nary PCM, the phase shift is realized in the Fourier plane F and
its value is set to γ = ±π/2. (b) Schematics of a LowPhi setup.
The sample S is imaged onto a SLM using a 4f setup (note that
the order could be reversed). The SLM is used to subtract an
estimated phase distribution from the object wave, which is then
imaged using the PCM scheme shown above.

(a) (b)

(c) (d)

FIG. 4. (a) Simulated intensity in the camera plane for PCM
and (b) resulting CRB. (c) CRB for SLIM: four images are taken
with an internal reference that is phase shifted by 0, π/2, π , and
3π/2. (d) CRB for Lowphi: a SLM is used to subtract an esti-
mated phase distribution from the object wave, such that optimal
phase estimation precision is achieved across the FOV.

the FOV. This effect is again due to a depletion of the inter-
nal reference for strongly scattering regions, as already
discussed in our analysis of PCM.

This problem can be addressed using a recent method
called local optimization of wavefronts for phase imaging
(LowPhi) [23]. In this scheme, the object is imaged onto
a SLM and the resulting wavefront is then imaged using
traditional PCM [Fig. 3(b)]. The system is first initialized,
such that the SLM approximately cancels phase variations
induced by the object. If the error in the initialization is
small then the following PCM is an optimal measurement
scheme for these deviations. In Fig. 4(d) we show the
resulting CRB, which is indeed optimal over the entire
FOV. This demonstrates that one does not need an exter-
nal reference beam [as considered in Fig. 2(d)] to reach
the optimal precision for phase estimations. In both cases,
however, optimal phase estimations come at the price of
the required initialization (the photon budget of which can
be neglected for continuous measurements) and technical
issues regarding SLM phase noise [31]. Moreover, mea-
surements are then fully insensitive to the amplitude of the
object wave, and one would have to replace the PCM after
the SLM by a standard bright-field microscope in order to
perform optimal absorption estimations.

V. CONCLUSION

To summarize, we show that the Cramér-Rao bound
is a powerful tool to investigate the estimation precision
of phase microscopes. The general framework that we
introduce here enables the analysis of any classical phase
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microscope that can be described by a linear transforma-
tion. This allows one to assess whether a chosen technique
can in principle provide the precision required for chal-
lenging tasks, such as the high-speed detection of small
phase shifts induced by neuronal activity [26] or viral
infection [27]. It can also allow one to verify whether
the precision of phase estimates is limited by shot noise,
or whether this precision is degraded by additional noise
sources (e.g., due to mechanical instabilities) that could
easily be described using the same formalism.

Importantly, our analysis yields the necessary conditions
for reaching the optimal precision in phase estimations (as
well as those needed to perform optimal absorption esti-
mations). A critical requirement for reaching the optimal
phase precision is a phase-matching condition between
object wave and reference wave, which can either be
internal or external. With this theoretical framework, we
analyze the precision achievable with different experimen-
tal configurations, evidencing that wavefront shaping can
enable optimal phase (or absorption) estimation precision,
even in the absence of an external reference wave (e.g.,
in LowPhi [23]). In practice, such approaches based on
wavefront shaping are currently limited by SLM phase
noise, therefore requiring alternative approaches to phase
microscope optimization based on, e.g., generalized phase
contrast [32] or deep learning [33]. Interestingly, these
alternative approaches could also be benchmarked using
the Cramér-Rao analysis presented here.

Further work will be needed to assess the performance
of minimum variance unbiased estimators relative to these
bounds, and to perform experimental measurements with a
precision reaching the theoretical limit. Finally, note that
the formalism can be extended to schemes that further
improve the precision of phase microscopy using cavi-
ties [34,35], and can also be applied to electron phase
microscopy techniques [36,37].

See the Supplemental Material for supporting con-
tent [24]. The PYTHON code for this project is given in
Ref. [25].
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